In this paper, we give necessary and sufficient conditions for the boundedness of the n-dimensional Hausdorff operators on Herz-type spaces. In addition, the sufficient condition for the boundedness of commutators generated by Lipschitz functions and the fractional Hausdorff operators on Morrey-Herz space is also provided. MSC: 26D15; 42B35; 42B99
Introduction
Recall that for a locally integrable function on (, ∞), the one-dimensional Hausdorff operator is defined by
The boundedness of this operator on the real Hardy space H  (R) was proved in [] . Subsequently, the problem of boundedness of h in H p ,  < p <  was considered in [, ] and [] . In [] , the same operator was studied on product of Hardy spaces. Due to its close relation with the summability of the classical Fourier series, it was natural to study h in high-dimensional space R n . With such an objective, Chen et al. [] considered three extensions of the one-dimensional Hausdorff operator in R n . One of them is the operator
The second multidimensional extension of the Hausdorff operator provided in [] is the following operator:
where is a radial function defined on R + , and (y ) is an integrable function defined on the unit sphere S n- . 
thermore, it is easy to show that the n-dimensional fractional Hardy operator
and its adjoint operator 
where T is a Calderón-Zygmund singular integral operator, is bounded on 
and studied it on Lebesgue and Herz-type spaces. Motivated by the work cited above, in this paper, we obtain some sharp bounds for H on Herz-type spaces. Furthermore, we give a sufficient condition for the boundedness of commutators generated by the Lipschitz functions b and the n-dimensional fractional Hausdorff operators H ,γ , defined by
on Morrey-Herz space. Following [], our method is direct and straightforward. In addition, the problem of boundedness of commutators of n-dimensional fractional Hardy http://www.journalofinequalitiesandapplications.com/content/2013/1/594 operators [] is also achieved as a special case of our results. Before going into the detailed proof of these results, let us first recall some definitions. For any k ∈ Z, we set
where
with the usual modification made when p = ∞.
, the Lebesgue space with power weights. Also, it is easy to see thatK
In [] the Morrey space
In the next section we will obtain some sharp bounds for H . Finally, the Lipschitz estimates for the commutators H b ,γ will be studied in the last section. http://www.journalofinequalitiesandapplications.com/content/2013/1/594
Sharp bounds for H
The main result of this section is as follows:
is a non-negative valued function and
A  = R n (y) |y| n |y| α+ n q -λ dy < ∞, then H is a bounded operator on MK α,λ p,q (R n ).
Conversely, suppose that H is a bounded operator on MK
In addition, the operator H satisfies the following operator norm:
Proof By definition and using Minkowski's inequality
Therefore, by Minkowski's inequality, we get In this case, we choose f  ∈ L q loc (R n \{}), such that
Hence, we conclude that
An easy computation shows that
where |S n- | denotes the volume of unit sphere S n- . Now, by definition
On the other hand, it is easy to check that
Under the assumption that H is bounded on MK
Furthermore, combing (.) with (.), we immediately obtain
Case II: λ = . In this case, we have MK
To prove the converse relation we take the sequence of function {f m } (m ≥ ) as follows:
Obviously for k < , we have f m χ C k = . Hence, for k ≥ , we obtain
. http://www.journalofinequalitiesandapplications.com/content/2013/1/594 Therefore,
On the other hand, we write
Therefore, for any m ≤ k, we have
Now, it is easy to show that
Consequently,
Finally, we let m → +∞ to obtain
In view of (.) with (.), we get
Thus, we finish the proof of Theorem ..
Lipschitz estimates for n-dimensional fractional Hausdorff operator
In this section, we will prove that the commutator generated by Lipschitz function b and the fractional Hausdorff operator H ,γ is bounded on the Morrey-Herz space. Similar estimates for high-dimensional fractional Hardy operators are also obtained as a special case of the following theorem.
and satisfies the following inequality:
In proving Theorem ., we need the following lemmas.
Proof The lemma can be proved in a way similar to Theorem . in [] .
Proof of Theorem . Notice that
. Then by Hölder's inequality, Lemma ., and Lemma ., we have
Now, using polar coordinates, Minkowski's inequality and Hölder's inequality, we approximate J as
Again by means of polar decomposition and change of the variables, we obtain 
.
With this we finish the proof of Corollary ..
